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1. Introduction 



Higgsless models ||T| achieve electroweak symmetry breaking without introducing a funda- 
mental scalar Higgs boson |2|, and the unitarity of longitudinally-polarized W and Z boson 
scattering is preserved by the exchange of extra vector bosons [|, |, |, |. Inspired by TeV- 
scale compactified five-dimensional gauge theories 1^, |9|, |lO[ [111, these models provide 
effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. 

Five-dimensional gauge-theories are not renormalizable, and therefore Higgsless models 
can only be viewed as effective theories valid below some high-energy cutoff (above which some 
other physics, a "high-energy" completion, must be present). Since these theories are only 
low-energy effective theories their properties may be conveniently studied using deconstruction 
which is a technique to build a four-dimensional gauge theory, with an appropriate 
gauge-symmetry breaking pattern, which approximates the properties of a five-dimensional 
theory. Deconstructed Higgsless models |14, 15, 16, 17, 



19 



I have been used as tools 
to compute the general properties of Higgsless theories, and to illustrate the phenomological 
properties of this class of models. 

The simplest deconstructed Higgsless model [^] incorporates only three sites on the 
deconstructed lattice, and the only additional vector states (other than the usual electroweak 
gauge bosons) are a triplet of and mesons (which may be interpreted as the lightest 
Kaluza-Klein states of a compactified five-dimensional theory). This theory is in the same 
class as models of extended electroweak gauge symmetries ^ motivated by models of 
hidden local symmetry |2^, p^, p^, pi] in QCD, and the gauge sector is precisely that of 



the BESS model [22|. While simple, the three site model is sufficiently rich |21| to describe 
the physics associated with fermion mass generation, as well as the fermion delocalization 
52|, 35 1 required^ in order to accord with precision electroweak tests 

1391, ra. 



31 



Recently, we have computed |41| the one-loop chiral logarithmic corrections to the S and 
T parameters |36, ^ in the three site Higgsless model, in the limit M]y <C Mp <C A, 
where A is the cutoff of the effective three site Higgsless theory. In ref. |41|, the calculation 
was performed by directly computing the one-loop corrections to four-fermion scattering 
processes in 't Hooft-Feynman gauge, including the ghost, unphysical Goldstone-boson, and 
appropriate "pinch" contributions |42, required to obtain gauge-invariant results for the 
one-loop self-energy functions. 

In this paper, we compute the one-loop corrections to all 0{p'^) counterterms in the 
three site Higgsless model, using the renormalization group equation (RGE) technique. The 
calculation here is performed using the background field method for both the chiral- and 
gauge-fields, and using Landau gauge for the quantum fluctuations of the gauge fields. Fo- 
cusing on those corrections which contribute to S and T, we find that our RGE results agree 



^It should be emphasized, however, that there is no explanation in any of these models (which are only 
low-energy effective theories) for the amount of delocalization. In particular, there is no dynamical reason why 
the fermion delocalization present must be such as to make the value of aS small. 
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with the chiral-logarithmic corrections to the S and T parameters determined previously 
[ p] ] in 't Hooft-Feynman gauge, thereby estabhshing the gauge-invariance of our results di- 
rectly.^ Our calculations include also a complete evaluation of all one-loop divergences in an 
SU{2) X U{1) nonlinear sigma model, corresponding to an electroweak effective Lagrangian 
in the absence of custodial symmetry. 

The hierarchy of scales, Mi^ *C Mp <C A, implies that the calculation breaks up into 
two different energy regimes. For renormalization group scales such that Mp < < A, 
we consider the running of the effective Lagrangian parameters in the full three site model 
(illustrated in Figure |l]). Running in the three site model is discussed in Section ^ At an 
energy scale of order Mp, one must "integrate out" the p-meson, matching to an effective two 
site model (the electroweak chiral Lagrangian [45, 46, 47, 48, 49|, illustrated in Figure §). For 
renormalization group scales /U < Mp, we consider the running of the parameters in the two 
site electroweak chiral Lagrangian. Both the matching of the three site to the two site model 
and the low-energy running in the two site model are discussed in Section ^. In Section ^, 
we discuss the chiral-logarithmic corrections to the S and T parameters, and discuss the 
correspondence of the RGE calculation with that presented in Ref. pi]]. Section 5 contains a 
concluding summary of our results. 

The appendices include a detailed description of the one-loop calculations leading to the 

H] in the 
1 and later 



RGE equations. The one-loop renormalization of the operators |45, 46, 47 
SU{2) X SU{2)/SU{2) chiral Lagrangian was first undertaken in Refs. |^ 



51 



discussed in the context of electroweak physics [53, 54 [. We review the the RGE calculation 
in a gauged SU (2) x SU{2) model using the background field method for the chiral- and 
gauge-fields, and add a calculation of the renormalization of the operator associated with 
fermion delocalization effects. Then, in the same language, we report our RGE calculation 
for a gauged SU{2) x U (1) model. We then show that the results of these separate calculations 
may be combined to obtain the RGE equations for the three site gauged SU (2) x SU (2) x U (1) 
model. 



2. The Three Site Model 

In this section we consider the renormalization group structure of the three site model 
shown in Figure ||, valid for energies below the cutoff A but above the mass of the heavy 
vector meson Mp. 

2.1 The three site Lagrangian and counterterms 

The lowest order (0(p^)) custodially symmetric Lagrangian of this model is given by 




where DpUi and Vifj,i, are defined as 

D,.Ui = d^JJi + - iUiVn,, (2.2) 

^Recently, aS and aT have been computed in a three site model with hnear sigma-model hnk fields [Q. 
In the limit in which the extra scalars in this model are heavier than the vector-bosons, the leading-log 
contributions agree with the results of [^] , providing another check of those calcualtioins. 
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Vi 



The first two gauge fields (i = 0, 1) correspond to SU{2) gauge groups, 



Vi 



J2 Y^i, for z = 0,1, 

a=l,2,3 



(2.3) 



(2.4) 



wliile tlie last gauge field (i = 2) corresponds to U{1) group embedded as the T3 generator of 
SU{2), 



= -jK^ for i = 2- 

There is one additional 0{p'^) term violating custodial symmetry, 

/I 



4 = /?(2)^tr ul{D^U2y tr uI[D^U2)t' 



(2.5) 



(2.6) 



go 

a 



Fermions (quarks and leptons) couple to sites and 1 
(weak isospin), and to site 2 (weak hypercharge) through. 



c 



f 



[1 



-Vr 



Ofj. 



-2xiJ^ tr 



-i{D^Ui)Ul 



-2J^ tr 
(2.7)' 



-Vo 



2/i 



Figure 1: The moose diagram 
jsH) for the three site model an- 
alyzed in this note. The SU{2) 



where 



(2.8) 

gauge groups arc shown as open and the and 1^^,^^ are the SU{2)w and U{1)y charges 
circles, and the U{1) gauge group q£ ^j^g fermions. 

In order to renormalize the one-loop divergences of this 
model, we need to introduce appropriate counter terms at 



is shown as a shaded circle. The 
fermion SU{2) couplings arise 
from sites and 1, and their hy- ^ 
percharge couplings from site 2 

0(/) 

(c./. eqn. (2.7)). The links, read 
from left to right, correspond to 
nonlinear sigma model fields Ui 
and U2 with /-constants fi and 



(2.9) 



i=l 



with 



/2, respectively. 



a(i)itr 



V, 



-2ia;(j)2tr 



{D^Ui)\D,U,)Vr 



-2ia(i)3tr 



+a(i)4tr 
+a(i)5tr 



{D^Ui)iD,Ui)^] tr \iD^'Ui){D'Ui[ 



{D^Ui)iD^Ui] 



tr 



{D,Ui){D''Ui 



(2.10) 



Here we have neglected terms violating the custodial symmetry at 0{p'^) level. Of the terms 
introduced in (2^) and ( 2.1C| ), the a(j)i and /3(2) will be of particular interest, as they con- 
tribute, respectively, to the precision electroweak parameters aS and aT. 
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The three site model approximates (see ||21| for details) the standard electroweak theory 
in the limit 

50 < 51 , 52 < 51 , (2.11) 

and we therefore define a small parameter x = 50/51 *C 1. For simplicity, we also take 
/i = /2. The analysis of the three site model proceeds in an expansion in powers of x, 
and at tree-level the values of all electroweak observables differ from those in the standard 
model beginning at 0{x'^). To leading order, we find that g'0,2 are approximately equal to 
the standard model SU{2)\y and U{1)y couplings. Defining an angle 6 such that s = sinO, 
c = cos 6, and s/c = 5(2/50, we find 



9 47rQ 9 47ra 

50-^-^ = 72' si --^ = -2, (2-12) 



where a is the fine-structure constant and e is the charge of the electron. 

2.2 The Size of Electroweak and Radiative Corrections 

To leading order, we find 

M2 ^ 4 ' 



(2.13) 



and |21, 41, 56| that the tree-level values 

^gtree ^ — [ j _ ] (2.14) 

(2.15) 



47ra / 
5? V 


2x1 


x"^ 




(- 


Mj 



= /3(2) , (2.16) 

summarize the deviations in the three site model relative to the standard electroweak theory. 

Observationally, aS, aT < 0(10-^) ||]. The mass of Mp is bounded by 0(1 TeV), 
since p-exchange is necessary to maintain the unitarity of longitudinally polarized VF-boson 
scattering - leading (from eqn. ( |2.15 )) to a value of aS which is too large |l^, |4^ for localized 



fermions with xi = 0. The phenomenologically preferred region therefore has xi « x^/2, which 



is the condition for "ideal delocalization" ||3^, 56 1 in this model. In what follows, we will 
assume xi = 0{x'^). 

As the observed limits on aS are 0(W~^), radiative electroweak corrections are po- 
tentially important. In the context of the hierarchy Mw <C Mp <C A, the leading chiral 
logarithmic corrections are found to be of order [^] 

where Mu^ref is the reference Higgs mass used in the extraction of the value of aS from 
electroweak observations. As we shall see, the RGE calculations described here will allow us 
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to reproduce the chiral log corrections found in Ref. |41[| , while simultaneously calculating 
the corrections to the other O(p^) chiral parameters. Given that aT is bounded by 0(10"^), 
we will assume that the theory is approximately custodially symmetric and /3(2) = 0(a/47r). 
In our computations, therefore, we will neglect contributions of order a/3(2)/47r. 

Inspired by AdS/CFT duality 58, 6C], tree-level computations in this theory are 
interpreted to represent the leading terms in a large- expansion ||6^ of the strongly-coupled 
dual gauge theory akin to "walking technicolor" |62, 63, 64, 35, 36, Formally, both the 
electroweak 



||lCl| , plU and the chiral corrections [g^, |6^ are suppressed by 1/N, and therefore 
the calculations presented here are consistent with duality. In this language, our discussion of 
the S and T parameters in the three site model will include (a) the tree-level contributions, 
which are of order A^, (b) the chiral corrections which are order 1 but enhanced by chiral logs, 
and (c) the effects of the p"^ counterterms, which are simply order 1. 



2.3 RGE Solutions in the three site model 

Performing MS renormalization of the one-loop amplitudes, we find that the chiral param- 
eters (including, in particular, a(j)i — 0(^)5 and /3(2)) depend on the renormalization scale 
fi. The invariance of the amplitudes for physical processes with respect to changes in the 
renormalization scale gives rise to renormalization group equations (RGEs) for these chiral 
parameters in the usual manner. A detailed description of the calculation of the renormal- 
ization group equations, which is performed using the background field method for both the 
chiral- and gauge-fields and using Landau gauge for the quantum fluctuations of the gauge 
field, is given in appendix ^ of this paper. Here, we simply list the one-loop RGEs which 
result, for 0{p'^) parameters. 



^ f2 



d 



/I 



d 



(47r 



3,0 1 



3 2 f2 

4(4^^2/2, 



(2.18) 
(2.19) 
(2.20) 



for gauge coupling strengths. 



d_ fl_ 
'^dfi Vffo 
d / 1 



d 



1 



dn V52 



1 



(47r)2 
1 

(4^ 
1 

(4^ 



44 

y 
44 
y 



(2.21) 
(2.22) 
(2.23) 
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for O(p^) terms, 



d 

dji 
_d_ 
d/j, 

d_ 
d/j, 

d_ 
dji 

d 



1 



6(47r)2 ' 
1 

12(47r)2 ' 
1 

12(47r)2' 
1 



and 



d/j, 



6(47r)2' 
1 

~ 12(47r)2 ' 

35? 



(47r) 



for the fermion delocalization operator. Here we have assumed (3(2) ^ 
additional 0(/3(2)) terms in these RGEs. 

Next we solve the renormalization group equations assuming 



P{2) < 1- 



We find 



/l(/^) = /l(A)exp 
3 f 



djj, 3 

A ^ (47r; 
djj, 3 



4(47r)2A M 



A /" (47r) 



1 
2 



d/x 2 



(2.24) 
(2.25) 
(2.26) 
(2.27) 
(2.28) 

(2.29) 

1 and have ignored 

(2.30) 

(2.31) 
(2.32) 
(2.33) 



for the 0(^2) terms, 







^ 6(47r)2 


1 


1 


43 






^ 3(47r)2 


1 


1 


1 


52 (Ai) 


5i(A) 


6(47r)2 



In^. 



In 



In^, 



(2.34) 
(2.35) 
(2.36) 



for the gauge-coupling strengths, and 

xiifJ-) = xi{A) exp 



dfi Sgf 



Ua (47r)2j ' 



(2.37) 
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for the delocalization parameter. We may similarly solve for the O(p^) coefficients. Here we 
list the results only for a(j)i's explicitly 



If we further assume 



we find 



«(2)l(/^) = ^(^^'^X + "(2)l(^)- 



90.92 <9f,(47r) 



= /2(A)exp 
/!(/«) = /1(A) exp 

which, assuming /f (A) = /|(A), justifies the ansatz 



2^1 



A (4vr 
3 



(47r^ 



o9? 



(2.38) 
(2.39) 

(2.40) 

(2.41) 
(2.42) 



ffip) = /Km), 



(2.43) 



adopted in the discussion of the three site model in Refs.[^] and [^]. The assumption 
Eq.( 2.40| ) also makes it possible to neglect the ^ dependence of (72(/u) in Eq. (|2.33| ). We then 
find 



/3(2)(/i) 



3 2i M 



(2.44) 



As demonstrated in the appendix, the three site RGE equations for a(j)i_5 arise solely 
from Goldstone Boson loops, and are therefore identical with those calculated ItO, I2M] in 



hidden local symmetry pj, uB, 2(:, 27, Eq] models of QCD in the "vector limit" |f71|. 



3. Matching to the Two Site Model and Running to Low Energies 



In order to run to scales lower than Mp, we must integrate out the /3-meson and match the 
three site model to the two site electroweak chiral lagrangian which describes the physics at 
scales below Mp. This matching is most conveniently done in two steps: first we reformulate 
the effect of fermion delocalization in terms of a redefinition of the chiral parameters in the 
three site lagrangian, a procedure described in the following subsection, and then we explicitly 
match the three site model to the two site model, as described in the second subsection. We 
conclude this section with a description of the running in the two site model for the energy 
range between ^ = Mp and low energies ^ = Mfj^ref- 
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3.1 Field redefinitions and fermion delocalization 



We begin by reformulating the effect of fermion delocalization in terms of a redefinition of 
the chiral parameters in the three site lagrangian with brane-localized fermion couplings (to 
leading order inxi). The delocalized fermion coupling in Eq. (|2.7| ) can be written in a localized 
manner 

Cf = -2J^tr [T'^Wf,] - 2J^tr [T^S^] , (3.1) 
if we redefine the gauge fields as 

= Vo^ + xii{D^Ui)ul (3.2) 

(3.3) 



Note that VF^ transforms under the gauge symmetry in a manner similar to Vb/x- Defining 

we find 
and obtain 



Defining the W field strength W^jy as 



1 — Xl 



1 — Xl 



i{D^Ui)Ul 



we find that Vo^jy can be expressed in terms of W^, 

1 Xl Xl 



1 — Xl 



-W. 



— UiVi^M 



1 — Xl 



(1-xi) 



,i[{I)^Ui)ul{D,Ui)ul]. 



The 0{p'^) Lagrangian Eq.(|2.1[) may then be written as 



C-2 = ^(l + 2xi)tr 
4 



f2 

+ ^tr 
4 



{D^U2)\D^^U2) 



-^(1 + 2xi)tr [W,,Wn - ^tr [Fi^.^l " [i^^.S^^ 



^0 
Xl 

+ ^tr 
% 



Xl 

2^itr 
9o 



W^,{D^'Ui){D-Ui)^ +0{xi) 



The C(p^) Lagrangians become 



"{i)itr 



-2ia(i)2tr (£»^C/i)t(^,[7i)y/'^ 



-2ia(i)3tr 



l^'^^(^^C/i)(^,t/i)^ 



+a(i)4tr 
+a(i)5tr 



(D^UiXD.UiV tr (Z5'^C/i)(Z)'^[/i)t 



(D^C/i)(D^C/i)t tr (Z),C/i)(Z)'^C/i)l- +0(xia(,),), 



(3.4) 
(3.5) 
(3.6) 



(3.7) 
(3.8) 



(3.9) 



(3.10) 
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and 



>cf = a(2)itr 



{D^U2){D,U2)^ tr \{D^'U2){D''U2)^ 



-2ia(2)3tr 



+a(2)4tr 
+a(2)5tr 



{D^U2){D''U2)^ tr {D,U2){D-U2V + 0{xia 



(3.11) 



We note that the Lagrangian Eq. (|3.9| ) now contains 0{p'^) terms. We thus rearrange Eq.(3.9) 
and Eq.( 3.10 ) as 



1 



(D^C/i)t(D'^C/i) 



f2 

I •'2 . 

4 



{D^U2)\D^'U2) 



1 



42 tr - -^tr [Vi^^Vn 



-l2tr[i?^,i?n, 

^52 



(3.12) 



and 



d(i)itr 



-2iQ(i)3tr 



2ia(i)2tr [(^^C/i)t(^,[/i)y/''' 
V^(^^C/i)(^,t/i)t 
{b^Ui){b,U{)A tr [(5^C/i)(5'^[/i)t 



+Q(i)4tr 
+a(i)5tr 



tr 



(Z),C/i)(D'^[/i)1" +0(xia(,),), 



with 



/2 = /2(l + 2xi), 

1 1 + 2x1 



5g 



5g 



a 



(1)1 



^1 

(1)1 + 72' 

, ^1 

"(1)3 - "(1)3 + -2- 



(3.13) 

(3.14) 
(3.15) 

(3.16) 

(3.17) 



3.2 Matching with the two site model 

Below the KK mass scale, phenomenology of the three site model can be described by a 
two site model, i.e., the electroweak chiral Lagrangian illustrated in Figure ||, with the 0{p'^) 
Lagrangian 



Co 



tr 



iD^U)\Df'U) 



tr [W^.W^"'] 



1 



tr[i?^,i?n , 



(3.18) 
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where 



DM = d.U + iW.U - iUB., U = U1U2. 



(3.19) 



There also exists a custodial symmetry violating 0{p^) operator 



4 = (3i-tr \u\Df,U)T^'^ tr \u\D''U)t^ 



(3.20) 



and the 0{p^) operators 



£4 = aitr 

— 2ia2tr 
— 2ia3tr 



{D^U)\D,U)B^, 



+a4tr 
+a5tr 



{D^U){D,U)'^\ tr [{DM){DM)^ 



(3.21) 



w 



Y 



Figure 2: Moose diagram 
[55I for the two site elec- 
troweak chiral Lagrangian 
|45l 



46 



48, 49 



SU{2) X [/(I) gauged non- 
linear sigma model. The 
SU{2)w gauge group is 
shown as an open circle; 
the U{\)y gauge group as a 
shaded circle. The link rep- 
resents the nonlinear sigma 
model field J7, with /- 
constant /. 



We next perform matching between three site and two site 
models. We will assume 



/?(2) 2,3,4,5 < 1, 



(3.22) 



and treat these parameters in a perturbative manner. In the limit 
50)52 ^ 51 1 the mass-eigenstate p field being integrated out is 
approximately the same as the field Vi^j of the three site model. 



Using the equations of motion arising from Eq. (3.12), to leading 
order in the derivative expansion 



5Co 



5Co 



5V^ 



(3.23) 



this field may be expressed as 



If, 



fi+n 



(3.24) 



2rrt; 
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From this we obtain 



/I 



fl + fl 



f? + fl 

fl 
fl + /I 

n 



UI{D^U)UI 



(3.25) 



f? + fl 

f2 



UI{D^U)UI 



f? + /I 



+- 



flfl 



fl + /I 



^iU2 



fi + fl ^ ''''' 

uHd^u),u\d,u) 



(3.26) 



(3.27) 



Putting these into Eqs. (|^, (|3.1lD , (Isl^ ) and (|3l3|) , we match the two site model to the 
three site model, and find matching conditions 




(3.28) 
(3.29) 



(3.30) 



(3.31) 
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"1 = "72 -TTT^ + "(1)1 -TTT^ + "(2)1 




1 /l /2 I /l /2 

7, iff + fir if? + fir 



j6 j4: jA j2 



"3 - "72 772X72^3 + "(1)1 + 72 



9! if! + fir al) if? + fir 

f2fA / ^ \ J-4 



I /l /2 , / , •^l A /2 I fl to o^\ 

^'"''^'mrw ^ V'''' ^ 7o) mTfir + "^^^^ c^rw ^'-'^ 
if /1/2 \^ fifi f^f" 

"4--2 72— 72 -2«{1)2 772— W"2"(2)3^ 




(/f + fir 



"5 - --2 I .2 V% I +^"(l)2 ..2''rf2A4 +^"(2)3- 



where we match at a scale 



(3.35) 



(3.36) 



M = Mp^gi ^^V (3.37) 



Finally, we note that we can make contact with prior results by setting /i = /2 and 
a(j)j = 0. In this limit, Eqs.( 3.3^ )- (|3.36| ) lead to 



^ , ^1 ^ 1 , a^i .0 QQ^ 



a4 = ^, a5 = -^, (3.39) 



which are consistent with Table 2 given in [^]. 
3.3 Solutions of RGE in the two site model 

We next consider the renormalization group flow in the two site model, from a scale n = Mp 
to low-energy, fi = M/^ ref- The renormalization group equations of the two site model, the 
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derivation of which is described in A.2, are given by 



^d/ (47r)2 



d / 1 
d f 1 



1 



d 

jJL—ai 
djji 



dfi 
d 

dfi 



djJi 



d^i 



(47r)2 
1 

1 



44 1 

y ~ 6 
1 

~ 6 



6(47r)2' 
1 

12(47r)2' 
1 

12(47r)2 ' 
1 

1 



12(47r 



i2- 



We solve these equations assuming 



/?< 1. 



We find^ 



and 



M = 7 



ai{ii) 



3 gl 



1 



and similarly for the other aj. 



4. and aT 

Using the results of Sections 2 and 3, we may compute the values of aS and aT, which are 
defined as 

aS = — 167raai(/i = MH^nci)-, (4-1) 

aT = 2(5{ii = MH,rof)- (4.2) 

^This result is identical to that found in the case of the effective low-energy theory for a standard 
model with a heavy Higgs boson. 
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We begin with Eqn. (4J) and use the RGE equations to evaluate aS at successively 
higher energy scales, and eventually compare it with the results in Ref. |41|. First, we can 
use Eqn. ( |3.51|) to run up from Mn^rei to Mp 



aS 



a 



-167raai(Mp) - — In- 

bvr M„ 



(4.3) 



Taking fi = f2, we apply Eqn. ( 3.32| ) to match from the two-site to the three-site regime 



aS 



Svra 0(1)1 (Mp) — Svra a(2)i(-^p) 



87raxi(Mp) 



— in ■ 



67r 



We employ Eqns. |]3|, |3D to run xi, a(i)i, and a(2)i up to scale A 

47ra 



aS 



67r 



9l{Mp 
87raa;i(A) 



m ■ 



M. 



■ exp 



a Mp 

— m — — Svra afi)i (A) — Svra a^u (A) 
Gtt A ^ ' ^ ' 



A (4vr)2 



and then employ Eqn. ( p. 35] ) to run gi up to scale A 
Aira 87raxi(A) 



aS 



67r M, ^ Utt a 



gt{A) go'(A) .,.p 
—Svra 0(1)1 (A) ~ Svra a(2)i(A). 

In the first line of Eq.(4.6), we have used the expansion 



3a xigf Mp^ 
9o ^ 



27r -2 



exp 



1 + 



t9i In ■ 



(47r)2^^""' A 



H (47r)2 

In order to make connection with the results of ref. |4l| , we note that at tree- level 

9lP _ 9lfl 



w 



and, therefore (c./. Eq. (3.37)), 



9l 
9l 



Ml 

4M2, ' 



so that the first two terms of Eqn. ( [4.6D may be rewritten as 
47ra 87raxi(A) 



5? (A) 5g(A) 



4.2M2, 



Mj 



1 



xiM^ 
2M^ 



fi=A 



(4.4) 



(4.5) 



(4.6) 
(4.7) 

(4.8) 
(4.9) 

(4.10) 



to this order. 

Similarly, starting from Eqn. (|4.2| ), we can use the RGE equations from the previous 
sections to evaluate aT at higher energy scales, and eventually compare it with the results in 
Ref. [41|. First, we can use Eqn. ( 3.50 ) to run up from Mn^ref to Mp 



aT = 2l3{Mp) + 



^9y . 



2(47r) 



■In- 



(4.11) 
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Taking /i = /2, we apply Eqn. (|3.29|) to match from the two-site to the three-site regime 

"^ = /'(.)W + ^>n^. (4.12) 



and then employ Eqn. ( p. 44 ) to run up to scale A 



" ^(^)(^) + 4(4;0^ X + 2(4^0^ ^ 
We can now see that our leading-log expressions for aS (^]^) and oT ( [4.13| ) correspond 



exactly to those found in |41]. Note that the calculations in are performed in 't Hooft- 
Feynman gauge, whereas those reported here are performed in Landau gauge. The correspon- 
dence of these calculations is therefore an explicit demonstration of the gauge-invariance of 
the results. In addition, as noted in [|^], the MH^rei dependence of the results in Eqns. 



and ( 4.13 ) matches that of the low-energy effective theory of the standard model with a 



heavy Higgs boson 46, 47, 48 1, and therefore these contributions are model- independent 
and match the dependence on the reference Higgs-boson mass present in the experimental 
determinations of aS and aT. 

Our expressions for the S and T parameters include (a) the tree-level contributions, which 
are of order A^, (b) the chiral corrections which are order 1 but enhanced by chiral logs, and 
(c) the effects of the counterterms, which are simply order 1. While the coefficients of the 
counterterms are unknown, it is important to note that their magnitude is sub-leading in the 
large- expansion. A detailed investigation of the size of the chiral log corrections, and of 



the corresponding phenomenological bounds on the three site model, is underway |72]. 
5. Summary 

In this paper we have computed the one-loop chiral logarithmic corrections to all OijA) coun- 
terterms in the three site Higgsless model. The calculation is performed using the background 
field method for both the chiral- and gauge-fields, and using Landau gauge for the quantum 
fluctuations of the gauge fields. For the chiral parameters a(i)i_5, the contributions to the 
RGE equations arise solely from Goldstone Boson loops, and are therefore identical with 



those calculated ||70|| in hidden local symmetry [gj, |2g, 26, 27, ^] models of QCD in the 
"vector limit" [|7l| . Our results agree with previous calculations of the chiral-logarithmic 
corrections to the S and T parameters in 't Hooft-Feynman gauge. 
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A. RGE Calculations 

In this appendix, we outhne the calculation of the renormalization group equations used in 
this paper. All calculations are performed using dimensional regularization, renormalized 
using modified minimal subtraction (MS). In order to facilitate the identification of the 
counterterms required, the calculations are performed using the background field method for 
both the chiral- and gauge-fields. Landau gauge, in which all unphysical Goldstone bosons 
and ghost fields are massless, is used for the quantum fluctuations of the gauge fields. 



The calculation is carried out in three steps. In the next subsection, |A.1| , we discuss the 
RGE calculation in the context of a gauged SU{2) x SU{2) model. In the following subsection. 



A. 2, we discuss the RGE calculation in a gauged SU{2) x ^7(1) model. Finally, in the last 



subsection, A. 3, we show how these results may be combined to obtain the RGE equations for 
the three site gauged SU{2) x SU{2) x U{1) model. The results of the last subsection yield 
the equations necessary for section p.3| : running from high-energies, /i = A, to intermediate 
energies, /x = Mp. The results of the second subsection directly yield the equations necessary 
for section 3^: running between intermediate energies and low energies, = Mj:^ i-ef- 



The divergences of the scalar one-loop integrals which appear are discussed, in general 
form, in appendix |^. 

A.l SU{2) X SU{2) gauged nonlinear sigma model 

The one-loop renormalization of the operators ||, |4|, ||, ||] in the SU{2) x SU{2) /SU{2) 
chiral Lagrangian was first undertaken in Refs. |5C, 52| and later discussed in the context 
of electroweak physics ||5^, Here we review the the RGE calculation in a gauged SU{2) x 
SU{2) model using the background field method for the chiral- and gauge-fields, and add 
a calculation of the renormalization of the operator associated with fermion delocalization 
effects. 

We begin by considering an SU{2) x SU{2) gauged nonlinear sigma model shown in a 
moose diagram Figure ^. The lowest order {0{p'^)) Lagrangian of this model is given by 



Ci = ^tr 



^tr [Vo,.Vr] - ^tr [V,,.Vr] , 



with U being a chiral field. 



U = exp 



2i7r'^T" 



r 

rpa _ 

2 ■ 



(A.l) 



(A.2) 



The gauge field strengths Vq^i, and Vi^jy are defined as 



(A.3) 
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with Vb/i and Vi^ being the gauge fields at site-0 and site-1 in the moose diagram, 

% ^ Vo^T-, Fi^ ^ V.^T-. (A.4) 

The covariant derivative D^U is given by 

D^U = d^U + iVof,U-iUVi^. (A.5) 

We calculate one-loop divergences using the background field for- 
malism in order to maintain manifest chiral and gauge invariance. For §> q §> i 
this purpose we decompose the chiral field U into a background field JJ 
and a fiuctuating quantum Nambu-Goldstone Boson (NGB) field 



U = Uexp 



Figure 3: Moose 
diagram for the 



In a similar manner, we decompose the site-1 gauge field Vi^ into a 
background field Vifj_ and a quantum field ui^, SU{2) x SU{2) 

Vif, = Vi^+giVi^. (A.7) gauged nonlin- 

ear sigma model 

For the site-0 gauge field Vq/^, it is convenient to first make a gauge analyzed in this 
transformation, subsection. SU{2) 

Vo,^V^, = WVo,U-^W^,U, (A.8) ^^^^^^ 

^ ^ ^ shown as open 

and then decompose it into a background field Vq^ and a quantum field vi^^'t^des. 

Vof, = Vo^ + goVQ^. (A.9) 

Expanding the 0{p'^) Lagrangian Eq.( |A.lD in terms of these quantum fields u and u^, we 
obtain 

^2 = ^2|o + ^2\u + '^2L + '^2[u„ + ^2\vv + '^2L^ H , (A.IO) 



with 



/:2L = ^d.u^iVZ - Vn - {e^'^^Vi'u^, (A.12) 



>C2L = x^^o^A^ - K)^9ov'o - - -^t^(^'^^o^)" - -K'^iD^^r. (A.13) 
AL« = - le'^'^e^'^iV^ - Vl)u^{Vt - vt')u^, (A.14) 



2 

-l{D,v,.T{D^v'ir + \{D,v,,T{D^v^,T + le'-'^KA'^, (A.15) 
-^21™ = {{d,u'^){9ovl' - givT) - ^9oe^'''n%',^K + ^gie^'^'n^l^K' (A-16) 
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Here Vb/ii/ and Vi^i, are defined as 

Vo^u = d^Vo, - d.Vo^, + i[Vo^, Fo.], Vi,,, = d^Vi, - d,Vi,, + i[Vi^, Vi,]. (A.17) 
We also define tfie covariant derivatives D^u, D^vqu, and D^viu, by 



^ - e'^^'^Fi^J,. (A.20) 

Note tliat, from Eqn. ( A.lgj ), the fluctuating pion fields transform as adjoints of the unbroken 
diagonal subgroup. However, with respect to either gauged SU{2), the coupling of the pions 
to Vq^ or Vl'^ is precisely one-half of the value for an adjoint scalar field. 

In order to compute radiative corrections, we introduce the background field gauge fixing 
Lagrangian, 

>Cgf = [{D,vi;r - i^Afw^) ' - ^ {{DAT + C^^") ' , (A.21) 
for the quantum fields. We then obtain 



/2 



, abcya ^fifJ- cu 



+e'^bcya bf^^cu^ (A.23) 



^2Lv + ^gfL. = -{e'^'S" - (50^^^'^ + givT) , (A.24) 

up to terms proportional to total derivatives. 

We also need to introduce the Faddeev-Popov Lagrangian associated with the gauge 
fixing term Eq.( A.2i| ), 

Cfp = (D^coniD^'cor - e'^'^^v'^'^c^o) + {D ^cif {{D^^ ciT - e'''^vYc\) 

-e^(9ocS - <?ic?)(5ocS - gicl) + ■ • • , (A.25) 
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Figure 4: Gauge boson loop diagrams. 



Figure 5: Ghost loop diagrams. 



with Co, ci (co, ci) being the Faddeev-Popov ghost (anti-ghost) for the site-0,1 gauge fields, 
ned as 



Here D^c is defined as 



{D^crY = 9,c\ - e^^'^y.^cT 



(A.26) 

'i^i'-ii — •^fi'-i - ^ "ifi^i- (A. 27) 

In Eq.( A.2^ ) we do not specify the terms of higher order in the fluctuating pion fields arising 
from the nonlinear gauge transformation properties of these fields, terms of the form u"cc 
terms (n > 1). For the one-loop analysis it is enough to consider just the cc terms in this 
Faddeev-Popov Lagrangian. 

The Lagrangians Eq.( |A.12 ) and Eq.( |A.13 ) lead to the following equations of motion for 
the background fields, 

= df.iV^'' - V^'') + e'^^'^t^oM^r (A.28) 

and 







= d^vl 



afiu 



^abc^rb T/C^iu 



2 f2 



9if 



(A.29) 
(A.30) 



As is usual for the background field method, we assume that the background fields satisfy 
these equations of motion, so that quantum corrections arise only from uu, uv, vv, and cc 
loops. 

A. 1.1 Gauge boson loop (vv) 

Now we are ready to evaluate the one-loop divergences of the SU (2) x SU (2) gauged nonlinear 
sigma model. We first consider the gauge boson loop diagrams {vv loop diagrams) arising 
from Eq. ( A.23| ), as illustrated in Fig. ^. In Landau gauge^ = 0); we find the effective 
Lagrangian generated from vv diagrams. 



20 1 r- 



vr\ + 



20 1 

3" (4^ 



:tr [Vj 



Here e is defined as 



1 _ r(2 - d/2) 
1 ^ 2(47r)°'/2-2 • 
with d being the dimensionality of space-time. 



(A.31) 



(A.32) 



''The behavior proportional to 1/^ in Eq. (A. 23) is cancelled by the ^q'^q'^ term in the gauge-boson propa- 
gator, leading to a smooth ^ limit. 
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u u 

v/v/xy!, \/\y~\J vv/xy. 

u u 





Figure 6: Gauge-NGB loop diagram. Figure 7: NGB loop diagrams. 



A. 1.2 Ghost loop (cc) 

We next consider effects of ghost loop (cc diagrams). In Landau gauge = 0) the ghosts 
remain massless. From the Lagrangian Eq. (|A.25| ), we find the effective Lagrangian arising 



from the cc diagrams illustrated in Fig. ^. 

2 1 r.-, 2 1 



A. 1.3 Gauge-NGB mixed loop {uv) 

We next evaluate the gauge-boson and Nambu-Goldstone-boson mixed loop diagrams {uv 
diagrams) arising from Eg. ( [A. 24 ), illustrated in Fig. |6|. In Landau gauge we find the 



uv- 



generated one-loop effective Lagrangian, 



(47r)2e 



^ {gl + 5?)^tr [{V,, - V,,){V,^ - V^)] . (A.34) 



A. 1.4 NGB loop {uu) 

Finally, we turn to the Nambu-Goldstone-boson loop effects {uu loop) generated from the 
Lagrangian Eq.( |A.22 ), illustrated in Fig. |^. In the Landau gauge = 0), the Nambu- 



Goldstone bosons remain massless, and we are thus able to use the result of conventional 
chiral perturbation theory. See also Appendix |^ of this note. We find that the uu diagrams 
lead to the one-loop effective action, 

1 1 r,-. .-.,„.n 1 1 r.-. 1 1 



12(47r)2e" L'-/^-'u j 12 {4TT)^e ' ^ 6 (47r)2e 

+^ (^Jtr [{Vo, - V,,){Vo. - V,.)Vr] + ^ (^Jtr [{%, - V,,){Vo. - V,.)Vr] 

+^ (^-tr [(% - V,,){Vo. - V^,)] tr [{%^ - V^W,^ " ^1^)] 

+^ (4^tr [{Vo, - V^,){V,^ - Vr)] tr [{%. - V^,){V,^ - Vn] ■ (A.35) 



In order to renormalize the one-loop divergences in Eq. ([A35|) , we need to introduce counter 
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terms at 



£4 = aitr 

—2ia2ti 
—2ia3ti 
+Q4tr 



{D^U)\D,U)Vi^, 
V,^''{D^U){DM)^' 
{D^U){D,U)^] tr \{D^'U){D''U)^ 



{D^U){D^V)^ tr {D,U)[D''U) 



■)''TT\'\ 



(A.36) 



which, using Eqs. ( [A.8| ) and ( [A.9| ), are equivalent to the forms of the interactions in Eq. ( [A. 351 ). 
A. 1.5 SU{2) X SU{2) Renormalization group equations 

We next define the MS renormahzed parameters. From Eq.(A.31), Eq.(A.33) and Eq.(A.35), 
we define "renormahzed" gauge couphng strengths gor and gir by, 



1 

90r 



9lr 



1 



1 



90 (4^)' 



40 4 1 
Y 3 ~ 6 



1 1^40 _^ 4 



1 



gj (47r)2e V 3 3 6 



Renormalization of the decay constant / is given by 



f^ = r-3ig^+gl)f 



(A.37) 
(A.38) 

(A.39) 



(47r)2e' 

where we used the result of uv-loop diagrams Eq.( [A.34| ). The renormalization of the 0{p^) 
Lagrangian can be determined from Eq.(A.35). We find 



1 1 

ai — — 



"2 = "2 



an 



as 



6 (47r)2e' 
1 1 
12(4^' 
1 1 
12(4^' 



1 1 

04 + - 



"5 + 



6 (47r)2e' 
1 1 
12 (47r)2e' 



(A.40) 
(A.41) 
(A.42) 
(A.43) 
(A.44) 



It is now straightforward to obtain the MS renormalization group equations of these 
parameters. We find 



d 



1 



\9or 

d_ 

\g'( 



1 



(4^)2 

1 

(4^ 



44 

Y 
44 

y 



(A.45) 
(A.46) 



- 22 - 



for the renormalized gauge coupling strengths. Here ^ stands for the MS renormahzation 
scale. Note that the factor —1/6 in Eqs.( [A.45 ) and (A. 46) comes from the Nambu-Goldstone 
boson loop (nn-diagrams). This factor is a quarter the size of the usual SU{2) adjoint 
scalar- loop effect in the gauge coupling renormahzation group equations (—2/3), with the 
difference arising from the definition of "covariant" derivative Eq.(A.18) for the u-field. The 
renormahzation group running of the /-constant comes from the uu-loop diagram in Landau 
gauge, and we find 



d f2 



(47r)' 



:{90r+glr)fr- 



(A.47) 



Finally, we compute the renormahzation group equations for the 0{p^) interactions 



d 



1 



d_ 

dfj, 
d_ 

dfj, 
d 



d ^ 



6(47r)2 ' 
1 

12(47r)2' 
1 

12(47r)2' 
1 

~6(4^^ 
1 

~12(47r)^ 



(A.48) 
(A.49) 
(A.50) 
(A.51) 
(A.52) 



It should also be emphasized that the RGE equations for the O(p^) operators in the gauged 
non-linear sigma model are, at this order, identical with those in the usual global (non-gauged) 
sigma model. 



A. 1.6 Delocalization operator 

We next consider the renormahzation of the delocalization operator. 



xitr 



.PD„UU^ 



(A.53) 



Expanding Eg. ( [A. 5^ in terms of u and f^, we find 



xitr 
xitr 



xiitv 



(A.54) 




Figure 8: Gauge- 
NGB loop diagram 
responsible for the 
(A. 55) renormalization of 

Xi. 



= -2xi^ie''''%\^u' 

The uv loop diagram arising from Eq.( A.2'^ ) and Eq.( [A.55 ) then leads (see Fig. ^) to the 
one-loop effective operator. 



3gf 
(47r)2e 



Xiitr 



(A.56) 



- 23 - 



in Landau gauge. Comparing Eg. ( A. 54 ) and Eq.( |A.56 ), we find the renormalization of the 
delocaUzation parameter xi, 



Xl 



(47r)2e 

and therefore the renormahzation group equation for xi 

A. 2 SU{2) X U{1) gauged nonlinear sigma model 

We next discuss an SU{2) x U (1) gauged nonlinear sigma 
model of the sort shown in Figure |. The lowest order {0{p^)) 
Lagrangian of this model is given by 



(A.57) 



(A.58) 



Co = — tr 



+ /3^tr 



U^iD^U)Ts tr C/t(D^C/)T3 



Si 

o 



§2 




with U being a chiral field, 



U 



exp 



rj-\Q 



(A.59) 

Figure 9: Moose diagram 
|]55|| for the two site elec- 
troweak chiral Lagrangian, 
(A. 60) an SU{2) x U{1) gauged 
nonlinear sigma model. 



The SU {2)i and U{1)2 gauge fields (at sites 1 and 2 in the moose The SU{2)i gauge group 

is shown as an open circle; 
the U{1)2 gauge group as 
a shaded circle. The link 



diagram Figure y) are 
The covariant derivative D^U is given by 



daU + iVi^U - iUV, 



(A.61) 



(A.62) 



represents the nonlinear 
sigma model field U, with 
/-constant /. 



Note that the ^7(1)2 gauge group is embedded as the T3 generator of SU{2)2 in this La- 
grangian. The term proportional to /3 in Eq.( |A.59| ) keeps the U{1)2 invariance, but it violates 
SU {2)2, and hence "custodial" symmetry as well. The gauge field strengths Vif^u and V2^u 
are defined as 



(A.63) 



We calculate one-loop divergences arising from Eq. ( A.5S| ) using methods similar to § A.l 



We decompose the chiral field U into a background field U and fluctuating quantum fields 
v^,v? and Uz, 



U = f/exp 



2i{u^T^ + u^T 

T 



2rr2\-\ 



exp 



'2iUzT^' 



(A.64) 
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Here we allow for the neutral current /-constant, fz, to differ from / 

/I 



/ 

The site-2 gauge field V2 is decomposed into background and fluctuating fields, 

Vif, = Vi^ + g2vl^ , 

as is the site-1 gauge field Vf^ 

We introduce the gauge fixing Lagrangian, 



1 

"2! 



1 

2! 
1 

"2! 



where 



(A.65) 



(A.66) 



(A.67) 



(A.68) 



(A.69) 



Expanding these Lagrangians Eq.( A.59| ) and Eq.( A.6g| ) in terms of the fluctuating quan- 
tum fields u and v^^, we find 



with 



(A.70) 



u 



u 



D^u = dij,u + r^u , 



(A.71) 



0-11 



0"12 



(^22 



(7, 



I J z 



1/i 



-(4 



Ifl 

4 ^3 



Iz f>l 



3fi 



1m' 

3/i 



1 f 3 _ 



{9l+9l)fl 
4 



(A.73) 
(A.74) 
(A.75) 
(A.76) 
(A.77) 
(A.78) 



where we have simpUfied these expressions by using the equations of motion of the background 
field. We also find 



+ C 



GFl 



2 



- _ , f>2 3^1 1 
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fz 



(A.79) 



A. 2.1 Gauge-NGB mixed loop (uv) 

We now evaluate the gauge-boson and Nambu-Goldstone-boson mixed loop diagrams {uv 
diagrams) in the Landau gauge ^ = 0. From the Lagrangian Eq.( A.79| ), we obtain the 
effective action arising from the uv diagrams, 



2(47r)2e 
3 



9l 



z \2 , fz 



2 J z 

which can be simplified to 
3 



I' 
P 



+ f2)+9ljl 



+ 



2(47r)2e 
3 

4(47r)2e 



fz ft 

+ jl)+92 



J. fz 



tr [{V, 



J! f. 



9i{^-^'-r2-Ti)+9Vix 



41 



/2 / 



V2,){vr-v^^)\ 

V2,y] tr [{Vi' - 



(A.80) 



(A.81) 
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A.2.2 NGB loop (uu) 



We next consider the Nambu-Goldstone-boson loop effects {uu loops) generated from the 
Lagrangian Eq.( A.76| ). Using the result of Appendix we see that the uu diagrams lead to 
one-loop effective action, 



(A.82) 



In Landau gauge, we then obtain 



pgfe T^bafii/ _j_ ^fjOi) ba 

12 2 



12/ 

A 



12/4 



(2 - ^)tr [V,,,Vr] 



+^ itr [(Fi^ - V2^){Vi, - V2,)Vr] 

+^(4 - 3^)2tr [{V^, - V2,m. - V2.)] tr [(Ff - V.^iVr - F^'')] 

+-(-8 + 12^-3^)x 
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In order to renormalize the one-loop divergences in Eq.( A.8^ ), we need to introduce the 
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following counter terms at 0{p^), 
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-2ia2ti 
-2ia3tr 
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A. 2. 3 SU{2) X U{\) Renormalization group equations 

We are now ready to perform MS renormalization. For the gauge coupling strengths, we find 



air 
1 

air 



44 1 fl 



g\ (47r)2e-V3 6 /V' 
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1 



1 n 



gl (47r)2e-V 6 
Renormalization of /-constants is given by 

> J Z I Jj 
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Mr = Pf 



2(47r)2e 
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f2 f4 f4 

al{^-^f-f) + aVf 



4(47r)2e 

Using Eq.( [A.65 ) the above expressions can be simplified as,^ 

3 



fr = f 
Prf = Pf 



2(47r)2e 
2 3 



f[gl{W-Af3)P + gjil-2P)^]. 



4(47r)2e 

Finally, the renormalization of O(p^) coefficients is given by 



a,- = ai + 



(47r)2e' 



fori = l,2--- ,10, 



^To leading order in /J^, the result for the running of fir is consistent with that found 
the effective low-energy theory for a standard model with a heavy Higgs boson. 
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in the case of 
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where divergent coefficients 7^ are 
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We then obtain the MS renormalization group equations, 



for the gauge couphng strengths, and 
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(A.102) 
(A.103) 



(A.104) 
(A.105) 



for the /-constants. It should be emphasized that, even if we start with /3r(/i = A) = at 
the cutoff scale, non-vanishing Pr is generated at lower energies through the i^l, term in the 
renormalization group Eq.(A.105). We also note that the U{1)2 gauge field decouples from 
the non-linear sigma model in the /3r = 1/2 limit. The gf^r terms thus vanish in Eqs.( |A.i04 ) 
and (|A.105| ) in the /?, = 1/2 limit. Actually, we can show that Pr = 1/2 is a fixed point in 
the renormalization group Eqs.( A.104 ) and ( A.105 ). 
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The renormalization group equations for the 0{p'^) parameters is given by 

1 - 4/32 
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d 
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(A.106) 
(A.107) 
(A.108) 
(A.109) 
(A.llO) 
(A.lll) 
(A.112) 
(A.113) 
(A.114) 
(A.115) 



The Egs- dAloeD - dAlTsD agree with the SU{2) x SU{2) chiral perturbation theory results in 
the /3r. = hmit. We also note that Eqs.( |A.lllD -( |Aril4| ) are proportional to /3, for f3r <C 1, 
while Eq.(A.115) is proportional to 0^. These behaviors are consistent with that expected 
from custodial symmetry. 

The RGE equations in the two site regime, Eqs. ( 3.40| )-( p.4^ ), follow immediately in the 
small [ir limit. 

A.3 The Three Site Model 

Finally, we discuss the SU (2) x SU{2) x U{1) three site moose model shown in Figure 0. To 
lowest order [0{p'^)) Lagrangian is given by 



= ^tr 



f2 

+ — tr 
4 



+/3(2)^tr [ul{D^U2)r-i\ tr [c/|(Z)'^C/2)t3 
-^tr [Vo^^Vn - ^tr [V,,.Vn - ^tr [V^.^Vn , 
with Ui, U2 being chiral fields (at link-1 and link-2 in the moose diagram Figure ||), 



Ui = exp 



"2i7rir°" 



U2 = exp 



'2iTT2T''' 



(A.116) 



(A.117) 
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The covariant derivatives are given by 



D^Ui = d^Ui+iVo^,Ui-iUiVi^, D^U2 = d^U2 + iVi^U2-iU2V2f,, (A.118) 
where Vo^j ^-^^ ^2/^ are gauge fields at site-0, site-1 and site-2, 

% = ^o;^", Vif. ^ v^lT\ V2^ = vl;r\ (A.119) 

Note that Vq/^ and are SU{2) gauge fields, while belong to U{1). 

In the previous sections, we have investigated the one-loop logarithmic divergences which 
appear in SU{2) x SU{2) and in SU{2) x U{1) gauged nonlinear sigma models. In essence, 
therefore, we have investigated the divergences associated with each of the links in the three 
site model separately. Naively, one may expect to proceed in the three site model by simply 
adding the divergences associated with the these two links together. This, in fact, turns 
out to be the case. For this to be the case, however, we must show that there are no new 
divergences at one-loop which are intrinsic to the three site model - in particular, that there 
are no next-to-nearest-neighbor (NNN) operators, for example the OijP') term 



tr 



ul{D^Ui){D^'U2)ul\ , (A.120) 



which are induced at one- loop from the 0{p'^) interactions included in the three site model. 

Consider an NNN term, such as that in Eq.( [A.120| ). By definition, such a term contains 
both chiral fields at link-1 and at link-2. Note that the three site model separates into two 
decoupled models in the limit that gf — > 0. Therefore we see that any NNN term would be 
generated at one-loop proportional to gf and, therefore, in Landau gauge (in which pions are 
massless) this means that NNN terms can only be generated by a Vi^ gauge boson loop. From 
the form of the three site Lagrangian, Eq.( A.ll^ ), we see that there are no Vifj_Vi {tti)"" nor 



Vi^Vi{7r2)^ interactions (n > 1) in our three site Lagrangian. Therefore a vi^i-loop diagram 
cannot produce an NNN term. In addition, we see that the first term in Eg. ( A. 11^ ) contains 
uivi interactions, while the second term in Eq.( |A.116| ) has U2V1 interactions. In the Landau 
gauge, however, there is no U1-U2 mixing. Therefore nwi-loop diagrams cannot produce an 
NNN term. The remaining possibilities are uvq (and UV2) diagrams, in which the vq (or V2) 
mix with vi. The integrand of such a one- loop diagram, however, will be highly suppressed 
in the ultraviolet and will not produce logarithmic divergences. We thus conclude that NNN 
terms are not generated through one-loop diagrams.^ 

A. 3.1 Renormalization group equations 

We may now derive the renormalization group equations in the three site model by combining 



This observation is consistent with the results of HLS loop calculations in which it is found that 
Georgi's vector-limit (a = 1) - which corresponds to the three site linear moose model - is a renormalization 
group fixed point of the mass independent renormalization group equations. 
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the results presented in the previous sections. We then immediately find 
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(A.121) 
(A.122) 
(A.123) 



for the renormalized gauge coupling strengths. Here the first —1/6 in Eg. ( A. 122 ) comes from a 
liiui-loop, while the second —1/6 comes from a loop. For the renormalized /-constants, 
we find 
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(A.124) 
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We need to introduce the 0{p^) counter terms, 
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(A.127) 
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and 
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The renormalization group equations for these coefficients are 
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Finally, we consider the renormalization group property of the delocalization operator, 
which only depends on the first link, and we find 



We find 
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(47r)2"i- 

The three site RGE equations used in the body of the paper, Eqs. ( |2.18| )-( 2?29| ), follow 
immediately in the small /3, limit. The three site RGE equations for a(j)i_5 arise solely from 
NGB loops, and are therefore identical with those calculated [f70|] in hidden local symmetry 



[||, |2|, H, [23, m models of QCD in the "vector limit" fT!]. 



B. Divergences in scalar field one- loop integrals 

In this appendix, we consider one-loop integrals of the scalar field u. 



(B.l) 
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where covariant derivative is given by 

Dfv!' = d^u"" + Vfu\ (B.2) 

We also assume 

a"^ = a^". (B.3) 
The logarithmic divergence in the one-loop effective Lagrangian is calculated to be 

^ ^ J_r«&r^«'^'^ + -(7"V^"^ , (B.4) 



with being given by 



Here e is defined as 



(47r)2e \12 ^''^ 2 

= S^rf - d,Tf + [r^, V,r\ (B.5) 

1 ^ r(2 - d/2) 
I ~ 2(47r)'^/2-2 ' ^''•''^ 

with d being the dimensionality of space-time. 
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